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We start by discarding the idea of equilibrium as a state of rest to which a stable system is expected to return … Our economy never returns … Together with static equilibrium must go out the notion that economic processes are finite -that they must 'eventually' come to an end. (Domar [1952a] 1957)
Setting the growth agenda
Between January and April 1953 the Russian born American economist Evsey Domar (1914 -1997 gave a series of lectures on growth economics at the universities of Oxford, Cambridge and Imperial College London. Domar's (1944 Domar's ( , 1946 Domar's ( , 1947a Domar's ( , 1948a Domar's ( , 1952a ) set of articles -later reprinted in his 1957 collection of essaystogether with Roy Harrod's (1939 Harrod's ( , 1948 had turned growth into a main field of research, as expressed in the so-called "Harrod-Domar growth model". Harrod (1939) went unnoticed -probably because of World War II -until Thomas Schelling (1947) and others started to put him in the company of Domar, in the wake of the publication of Domar (1946 Domar ( , 1947a and Harrod (1948) . Domar (1947a, p. 42, n. 11a ), who came across Harrod's essay after writing his first contributions, was the first American economist to refer to Harrod (1939) , according to JStor. As Domar ([1952a 17) observed, Harrod's "now famous creation of 1939" had to "wait for almost a decade and to be repeated in his [1948] book to receive its deserved recognition" (on the long neglect of Harrod's essay by American economists, and Harrod's complaint about it, see Samuelson 2002, p. 221) . Nevertheless, Harrod's more intricate formulation would eventually attract more attention than Domar's.
For Domar, modeling economic growth involved a new concept of equilibrium in time, as illustrated by the epigraph above. Domar (1953a) called it "moving equilibrium" in the notes he made for his second Oxford lecture, delivered on January 27: "The essence of our approach [is] a moving equilibrium, not a return to a previous position. Emphasize this". Domar effectively introduced into macroeconomics the "method of Growth Theory" (Hicks 1965, pp. vi, 13-14) , based on the notion of the equilibrium of an expanding economy whose component parts grow at the same steady rate and retain some proper relationship to each other, i.e., according to an exponential function (Domar [1952a ). Domar's ([1946 central theme was the rate of growth, an analytical instrument that had been overlooked by economists despite some isolated attempts, especially Gustav Cassel's ([1918 ] 1932 1935) "uniform progress" (Boianovsky 2009 ). Although both Harrod and Domar defined economic dynamics in terms of rates of growth (instead of lags as in much of the contemporary literature), they drew different implications from it. Whereas Harrod (1939, p. 21 ) stressed the instability of dynamic equilibrium, Domar ([1952a focused on the analysis of the infinite duration of dynamic processes in growing economies, and its implications for the interpretation of long-run behavior of variables involving ratios between stocks and flows, such as the rate of profit, capital-output, external debt and foreign investment, the burden of public debt, and the depreciation and replacement of capital. (Young 1989 pp. 174-77; Asimakopulos 1986; Kregel 1987; Hagemann 2009; Niehans 1990, p. 454; Backhouse 1994 pp. 41-2; Muzhani 2014, pp. 55-68) . As far as the history of economics is concerned, Domar has hitherto lived largely in the shadow of Harrod. Most of the commentaries on Domar's growth model are in articles by practitioners (Sunkel 1956; Harrod 1959; Frisch 1961 and Solow 2006) , and in books on mathematical economics, macroeconomics, growth and development (Allen 1956; Hirschman 1958; Ackley 1961; Chiang 1967; Hamberg 1971; Wan 1971; Jones 1975 ).
The complex and sometimes obscure character of Harrod's (1939 Harrod's ( , 1948 formulation may explain why economists have paid relatively less attention to Domar (Solow 2006, p. 135) . Nevertheless, behind the apparent simplicity of Domar's 1 The first complete model of an expanding economy was advanced by John von Neumann in his famous 1937 German article, made available in English in 1946 together with D.G. Champernowne's (1946) "translation" for economists (Boianovsky 2016a) . Unlike Domar's, it was a microeconomic general equilibrium model, rooted in the tradition of classical economics. Domar (1965) would briefly mention von Neumann's model only once. Harrod never referred to it. growth models, there are important theoretical and methodological issues that are explored in some detail here.
2 Material available in the Domar Papers, together with careful reading of his published writings, shed new light on Domar's contributions to dynamics and his own perception of how they fit into the history of growth theory.
Interest in growth economics surged in the postwar period not only from the recognition of growth as a condition for full employment in industrialized economies, but also from the international context of the Cold War and the widespread concern with economic development of poor countries.
Economists used to other approaches to growth reacted with skepticism to Domar's investigation of the formal characteristics of the equilibrium growth path.
The first survey of the "Economics of Growth", produced by Moses Abramovitz (1952) for the American Economic Association (AEA), left out Harrod and Domar, on the grounds that "these theories, though often referred to as theories of growth, are,
properly speaking, theories of the requirements of steady growth at full employment.
They make no assertion with respect to the likely development of capital formation over time" (Abramovitz 1952, p. 170, n. 78 ). In contrast with Abramovitz's approach to growth as the study of the historical forces determining observed growth paths, Hahn & Matthews (1964, p. 779) surveyed exclusively steady state paths and abstract "models of economic growth", taking the "Harrod-Domar model" as their starting point.
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It was after the 1940s that the use of models became widespread in economics.
That was also the period when growth economics established itself as a new field.
These parallel developments in method and theory are tackled in this paper.
"Countless craftsmen" had made the "Harrod-Domar model" the "most over-worked tool in economics", Solow wrote to Tobin in March 1959 (Halsmayer 2014, p. 235) .
Mary Morgan (2012) has studied the emergence of modeling in economics, with no reference to growth economics though. Verena Halsmayer and Kevin Hoover (2016, 2 Whereas the mathematics of Domar's (1946 Domar's ( , 1947a growth models are relatively straightforward, his models with depreciation and replacement of durable capital goods, reproduced in , are mathematically more involved (Muzhani 2014, pp. 60-64) . The same applies to his restatement of Fel'dman's 1920s Russian two-sector growth model and the problem of optimal allocation of capital goods, the only new chapter in his 1957 book (Jones 1975, sections 5.6 and 5.7; Boianovsky 2016b) . 3 Abramovitz did not deploy the term "growth path", which only gained currency after Solow & Samuelson (1953) and Solow (1956) . section 3.1) have discussed the rise of the culture of modeling in a growth context in the 1950s, with a focus on Solow. Halsmayer (2015, pp. 62-66) has dealt with aspects of Domar's contribution to growth modeling, but, again, her main concern is Solow's (1956) role.
When Domar put forward his models, growth phenomena were studied mainly through historical approaches. The 1951 AEA meetings featured a session on "The theoretical analysis of economic growth", with papers by Domar (1952a) and David Wright (1952) , who argued for the traditional historical treatment. Domar ([1952a] 1957, pp. 17-18) contrasted the "historical" approach to the subject (including his
Harvard professor Schumpeter) with the "econometric" one, which relied on "highly simplified symbolic models". In a companion paper (Domar 1952b) , he argued for modeling as the appropriate economic method.
Domar's approach to method had some similarities with Milton Friedman's (1952 Friedman's ( , 1953 . Domar interacted extensively with Friedman during his stay as assistant professor at Chicago University in 1947-48. As he recalled, "this time my (informal) teacher was Milton Friedman. We argued in every place we met: in the lobby of the Social Science Building, in elevators, at social gatherings, in the street. I doubt that he got much out of these arguments, but I learned a lot. If the devil is already here, why not partake of his wisdom?" (Domar 1992, p. 122) . Their dialogue was mainly about method, as there is no evidence of interest by Friedman (or his Chicago colleagues) in growth. 4 Friedman's methodology illuminates aspects of Domar's growth modeling and assumptions, particularly the stable capital-output ratio.
Domar's growth model is encapsulated by the "Domar equation" for the required rate of growth r in full employment equilibrium: r = ασ, where α is the marginal (= average) propensity to save and σ is the social average productivity of investment (the inverse of the capital coefficient). As Domar acknowledged, his model did not describe the actual growth path, but only the equilibrium one, with little discussion of whether the economy will follow that path -that is, no stability analysis. This led to the assessment that Domar provided just a "model", not a "theory" of growth. On the other hand, development economists often interpreted 4 In an interview to Colander and Landreth (1996, p. 190 ), Domar recalled that there was "little interest" in growth theory in Chicago at the time, only in its formal aspects. "I presented a model at a [Chicago] seminar which turned out to be the most unsuccessful presentation I ever made. The formal structure of the model turned them on, but its content -not at all. They never let me finish". Domar's model as making the prediction that the actual rate of growth is a positive function of the propensity to save. This has been critically called "capital fundamentalism", a proposition that cannot be squared with Domar's (or Harrod's) Keynesian formulation (Boianovsky 2015a (Domar 1957, p. vii) , whose 1947b PhD thesis -mentioned here for the first time in the literaturecomprised four chapters published separately (Domar 1944; 1947a; parts of 1948a; 1948b Building economic models was just one element of theorizing, though. Domar (1957, p. 12) pointed out that a "satisfactory theory of growth" cannot be created "from models only", as it "requires a mass of empirical work" revealed by the study of secular facts. He was aware that the facts of economic growth were not entirely borne out by his model. In particular, due to the multiplier effect of investment, the model produced the "paradoxical" result that, given the propensity to save, to eliminate excess capacity, more capital should be built, while, to avoid a shortage of productive capacity, investment should be reduced (Domar [1952a] 1957, p. 31).
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Consistently with observed data, Domar (1953b) stated that "we should explain why the economy is as stable as it is, rather than the other way around".
Modeling the supply side of the economy was a difficult task, which led Domar ([1952a to introduce "heroic simplifications" such as the concept of average productivity of investment, meant to capture the indirect influence of technical progress, labor supply, and other variables. But Domar (1957, pp. 7-8) was never satisfied with the way he handled the production function. Years later, he asserted that "my old growth models notwithstanding, I believe that a country's most important factor of production is not its physical capital but its human one -the able, educated and trained manpower" (Domar 1989, p. xv) . That was part of the "Residual", as Domar (1961a) (1957) and others that really caught Domar's (1961a) attention.
The mathematics and facts of exponential growth
Domar, who held a degree in mathematical statistics from Michigan University (1939), based his growth modeling on the exponential function: "the logical foundation of these essays is built around a simple growth function -the exponential -and is based on the well known property of its integral to approach a constant multiple of the function itself as time approaches infinity" (Domar 1947c, pp. 2-3) . If income grows at the rate r, we have ! = ! ! ! !" . If a constant fraction α of income is invested, then the sum of these investments (K) equals
. By assigning various magnitudes and modes of behavior to the variables α and r, Domar used this apparatus of accounting relations to investigate dynamics. This is what Domar (1953a) called the "mathematics of growth" in his Oxford lecture of February 10.
The relation between stocks and flows had not been carefully discussed by economists, who had "almost completely neglected the balance sheet as an economic document" (Domar 1955a, p. 250 ). Cassel's (1935, p. 24) proposition -that only in the case of exponential growth can the ratio between a stock and a flow be maintained -did not command attention until Domar ([1944 ) discussed it. Domar's ([1944] 1957) essay on debt burden introduced the analytical implications of infinite economic processes in time. In a steadily growing economy, assuming the annual fiscal deficit is a constant fraction of income, the stock of public debt can grow indefinitely, since the ratio between debt and income converges to a constant given by the quotient between the budget deficit and the rate of growth (Eltis 1998, pp. 27-29 Samuelson's (1948) survey of "dynamic process analysis" showed that any process that grows continuously at a constant rate is described by a differential equation as function of time, whose solution is an exponential expression. Samuelson (pp. 361-62) used Domar's ([1944 Domar's ([ , 1946 debt and growth models to illustrate the application of differential equations to formal features of continuous economic processes, a practice followed by mathematical economics textbooks (Allen 1956; Beach 1957; Chiang 1967 ). Domar deployed that apparatus to develop the central message of his PhD thesis, and of his growth research program as a whole.
Technological progress and saving place in our hands the potential power to achieve an expanding economy ... More than that, they make it imperative that such growth be achieved: the alternative is mass unemployment and destruction. But neither technological progress, nor of course saving, guarantees that the rise in income will actually take place. This rise depends on our economic policies. (Domar 1947b, p. iii) Domar's model was designed to show how the interaction between aggregate demand and supply over time makes growth a condition of equilibrium. Whereas, according to Domar ([1952a , n. 7), pre-Keynesian economics focused on the capacity side and took adequate demand for granted, Keynesian economists tended to ignore the problem of capacity altogether, as illustrated by Klein (1950) , his colleague at the Cowles Commission in 1947-48. During his period at Cowles, Domar was asked by Jacob Marschak to comment on a draft of Klein's book. Domar (1948c, p. 1) argued that Klein's model had no supply functions of labor and capital and, therefore, no concept of productive capacity. "Evidently, any quantity of goods and services can be produced … Goods are produced almost by magic. Is this an effect of the 'Keynesian Revolution'?" 6 Investment appears in Domar's aggregate supply and demand functions, with asymmetrical effects: the former is a function of the (net) level of investment, while the latter depends on its rate of growth. A higher investment level has a permanent effect on capacity, but a temporary one on income as the multiplier mechanism peters out (Domar [1947a . Hence, in order that sufficient demand is generated and capacity remains fully utilized it is necessary for investment to grow at a certain rate, determined by the equality between aggregate demand and supply.
The demand side of the model (Y) is the Keynesian multiplier, with a marginal (= average) propensity to save α, and investment I as the "active" or "independent" variable (Domar [1946 (Domar [ ] 1956 [1952a :
The supply or capacity side was harder to formulate, as "everything is involved here" ([1952a] 1957, p. 22) . Simplification was essential in the estimation of changes in capacity. 7 Domar expressed "productive capacity" P -the level of output Y under full employment of labor -as a linear function of the capital stock K and its average productivity s. Hence, P = Ks and Y ≤ P. He assumed that the average and marginal (incremental) output-capital ratios were the same.
Domar ([1946, 1947a] 1957 ) at first distinguished between s and the "potential social average productivity of investment" for the whole economy σ, which took into account the transfer of labor and other inputs from old plants into new ones, misdirection of investment and the effect of competition and obsolescence on capital values, a process he called "junking" of part of new capacity 8
. σ was not the marginal productivity of capital or a partial-derivative concept, since it indicated the increase in capacity "which accompanies, rather than which is caused by" investment (Domar [1947a] 1957, p. 90; see also Hamberg 1971, p. 5, n. 6) . The model's supply-side equation is given by
The maintenance of full employment over time requires that productive capacity and income grow at the same rate, expressed by Domar's ([1946] 1957, p.
75) "fundamental equation" Chiang 1967, pp. 419-22) .
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Investment must grow at the exponential rate ασ for continuous maintenance of fullemployment income. Since the marginal and average propensities to saving are assumed equal and constant, income must also grow at the rate r = ασ in equilibrium.
This is a formula for the required, not actual growth rate. In particular, the larger the saving propensity α, the larger is the increase in income required to avoid excess capacity. Under the assumptions P = Ks and σ = s, Domar ([1946] 1957, p. 77) used
. For a given actual rate r, a higher α brings about excess capacity and unemployment.
Since investment demand and its rate of growth are autonomous constant variables, the "coefficient of utilization
is also constant (Domar's [1946] 1957, p. 77). For given r, ! and ! the disparity between productive capacity and income when the actual rate of growth is below the required one does not become wider, as the capital stock grows at the r rate, not at the !" rate. Domar's model can be, therefore, described as "relatively stable" (Frisch 1960; Rijckeghem 1966 ).
However, if investment is a function of the coefficient of utilization and of the effect of the junking process on asset values, as verbally suggested by Domar ([1946 [1947a] 1957, pp. 99-100) and formalized by Wan (1971, pp. 24-29) , the economy may break down. Domar ([1952a believed this contradicted the observed growth path of industrialized economies. Stabilizers, absent from the formal model, were invoked to explain economic recoveries and steady growth. 10 Domar used in various ways his demonstration that in the limit the ratio of capital to output will approach the ratio between the fraction saved (and invested) and the rate of growth. He argued that, so long as the propensity to save and the rate of economic growth remain constant in the long run, capital deepening is absent, as illustrated by the US over the last 70 years before World War II (Domar [1946] 1957, p. 77). 11 Citing data from Kuznets (1946) , Domar ([1946 [1952a 1955, p. 257 ) assumed 12% as the average propensity to save, 3% as the longterm average rate of growth of output and 2% as the rate of growth of labor productivity. Moreover, he expected the rate of profits to remain steady as well (Domar [1952a . The rate of profits tends to equal the share of profits in income multiplied by the ratio between the rate of growth of income and the propensity to save, as indicated by Domar's expression for the capital-output ratio. It may also be expressed as equal to the output-capital ratio times the share of profits, which had both remained stable in the US. He estimated 6% as the secular value of the rate of profit (Domar 1945 Harrod, Domar and Solow to growth economics shared the common feature of "pragmatism", in the sense of the measurability of structural parameters and the applicability to policy issues. Unlike the trend of growth models in the 1960s, their efforts were never meant to be spent on "purely intellectual exercises" (Wan (1971, p. 10).
The preference of both Domar ([1946] 1957) and Solow (1956) for simple manageable models has been also discussed by Halsmayer (2015, p. 253) . She has argued that they differed as much as Solow's use of an aggregate production function paved the way for empirical growth economics, while Domar's model was just a "tool for reasoning". Whereas Solow's (1957) growth accounting did attract Domar's (1961a) attention, it should be noted that Domar's models were empirically grounded, not only because of his discussion of secular (stylized) facts. He used his equation to estimate 3.6% as the US equilibrium growth rate (assuming 12% and 30% as the values of α and !) in 1879-1941, as compared to an observed actual rate of 3.3% over that same period (Domar [1946 Backhouse 1994, p. 41) . True enough, he did not attempt to use his growth equation to estimate the sources of economic growth. According to Domar ([1944] 1957, p. 59), American economic growth in the period 1879-1928 was "due to technological improvements, growth of the labor force and the discovery of new resources" -this reflected Hansen's influence and was also reminiscent of Harrod's natural rate of growth (which Domar, however, did not incorporate into his own model).
Growth models and growth theory
The AEA 1952 Survey of contemporary economics included an essay by Richard
Ruggles on "Methodological Developments", with comments by Domar and Friedman. Both Domar (1952b) and Friedman (1952) criticized Ruggles for stating that the purpose of economic research was to "obtain an exhaustive list of all determining variables" (Ruggles 1952, p. 441 ). Friedman's (1952) Consists not in copying economic reality, as [Ruggles] seems to imply -this would be both impossible and useless -but in extracting from it a few easily manageable key factors and constructing from them a model, which may be expressed in words or symbols, or even implied, but which for a given purpose can be used as a substitute for reality itself. (Domar 1952b, p. 454 ; italics added) Domar ([1952a used the same italicized phrase in his AER article, when he claimed that "simplification is the heart of this process". According to Domar (1952b, p. 454) , Ruggles added to the reigning "confusion" about the nature and purpose of the process of abstraction. Contrary to the prevailing view, "such a model is not intended to be a factual statement about real processes, and different and even contradictory models can be legitimately set up regarding the same process." , however, warned that "the solution of a model is a solution of a logical system and nothing else; to endow it with economic significance is a very fine art". He did not refer on that occasion to growth modeling, but did it extensively in his companion 1952 AER piece. Instead of adopting the rather difficult "direct approach" of tackling the determinants of economic growth (technological progress and capital accumulation) and their causes, Domar ([1952a , "like a not-too-honest schoolboy who cannot solve his problem", preferred to assume that the economy is growing and investigate the conditions that should be satisfied to make such growth possible in equilibrium.
Economic growth had, of course, attracted the attention of economists before the economic modeling era. Domar ([1952a for equilibrium growth over time, but did not stipulate whether these conditions will be realized. Hence, "the Domar model differs from the previous theories in two fundamental respects: first, it contains no prediction concerning long-run growth trends; secondly, it is concerned less with explaining the forces that account for growth than with explaining why the path of growth is likely to be strewn with pitfalls."
In the same vein, Gardner Ackley (1961, p. 517) Harrod's more "ambitious" aim to provide a "theory" which explained the convergence (or lack of it) to steady growth. Hahn (1958, p. 353 ) too criticized Domar's unconcern with "stability" analysis of growth. Hywell Jones (1975, pp. 2-3, 64) repeated the point that the latter provided a model but not a theory of growth.
The description of Harrod's (1939 Harrod's ( , 1948 ) theoretical framework as a "growth model" -and its eventual merging with Domar under the guise of the "Harrod-Domar model" -was disputed by Ackley (1961) and Enke (1963) , and more recently by Besomi (2001, pp. 86-88) and Halsmayer & Hoover (2016) . Whereas Harrod investigated the conditions for equilibrium at a point of time -and therefore did not have to assume stability of parameters -Domar's equilibrium dealt with the rate of growth over time (Enke 1963, pp. 175-76; Asimakopulos 1986 , pp. 291 and 297).
Harrod never protested against the merging of his growth equations with Domar's, though (Harrod 1959) . What he did react against was the notion of a Harrod-Domar growth model.
According to Harrod (1960, p. 277; , a model is a formulation that can be statistically verified and empirically tested. He referred to his dynamic equations as "prolegomena to model building" (1960, ibid) . Harrod (1956 Harrod ( , 1968 were not far apart, as both called for empirical testing as a necessary ingredient of (or complement to) economic models. However, Domar's concern with steady growth led him to emphasize the measurability of variables, such as "productive capacity" of the economy ([1952a] 1957, p. 19) . Domar (1955) saw his accounting formula for the capital-output ratio as a benchmark for investigation of time series. In a way, Domar's ([1952a 1952b) concept of models as a first step into economic research was more restricted than Harrod's (1968, p. 174) , who asked "what is the relation of a model to a hypothesis or to a theory?" According to Harrod (p. 175) , the model becomes a theory when its parameters are statistically estimated and cease to be "adjustable", which was not the case of his growth equations, particularly in their tautological form.
Domar, together with his contemporaries who dealt with linear programming or dynamic input-output systems, was at the forefront of modeling, and presented some of the arguments for modeling that came up in later discussions. Paul Streeten (1968) discussed the distinction between theories and models, as well as the notion that models are not true/false but useful/useless or valid/invalid, in direct connection with Domar's growth equations. More recently, Daniel Hausman (1992 Hausman ( , 2015 and Axel Leijonhufvud (1997) claimed that, unlike theories, models are not propositions about the real world but conceptual explorations. This is consistent with Domar's view that the solutions of models are not statements about real processes, but solutions of logical systems. 13 Such elements are discussed further in the next sections.
The nature of the assumptions and alternative closures
Domar's model did not depend on the assumption of absolute stability of σ and α.
What Domar ([1946] 1957, p. 76 top; [1948a] 1957, p. 111; [1952a] 1957, p. 27) did assume is that appropriate changes in those ratios cannot happen fast enough every time the existence of equilibrium growth is threatened. Should an actual growth rate below the equilibrium one pose the danger of excess capacity, it was only assumed that σ does not abruptly rise and bring the equilibrium rate down to the actual one (Fellner 1951, pp. 117-19; Eisner 1958, p. 710; Hamberg 1971, p. 15) . It was also presumed that disequilibrium is not quickly corrected by suitable changes in α able to produce shifts from a "high investment" to a "high consumption" economy whenever 13 Morgan (2012), on the other hand, argues that creating models is "world-making", in the sense that models become an "imagined analogous world" (p. 24). Eventually, the model "moves from being the lens that enable economists to interpret the world in the new way to being the things they find and see in the world" (p. 406). Domar's (1952b, p. 454) assertion that, for a given purpose, the model can be used as a "substitute for reality itself" has some similarity with Morgan's perspective. Indeed, Hirschman (1958, p. 30) remarked that the best measure of success of Domar's model is that "today we must pinch ourselves to remember that it is theory rather than a faithful photographic copy of reality". investment demand comes down. σ and α could be made functions of certain variables, but "as a first approximation" Domar preferred to assume constant values for both, which "simplifies the mathematics enormously" ([1952a] 1957, p. 27 opportunities. In its "most definite and explicit form", this view (which he associated with Hansen, Harrod and Paul Sweezy) was based on the notion that there is a "fairly stable relation" between a given amount of output and the stock of capital needed to produce it (Domar [1948a] 1957, pp. 109-10). Domar's assumption of a stable capitaloutput ratio reflected his endorsement of Hansen's hypothesis of strong diminishing returns as the capital stock increases relative to labor supply and natural resources at a given level of technical knowledge (Backhouse & Boianovsky 2016 ).
Empirical evidence was not conclusive enough to settle the issue. Domar's claim was based on the argument that the observed existence of cyclical fluctuations associated with the capital accumulation process provided indirect evidence of the stability of the capital-output ratio. As put by Friedman (1953, section 4) , in stating the "crucial assumptions" of a theory one is attempting to assert the essential elements of the abstract model. A model may be described by different sets of postulates that both imply and are implied by the model itself. A "crucial assumption" -such as Domar's stability of the capital-output ratio -can be used to obtain indirect evidence on the acceptability of the theory, to the extent that it can be regarded as an implication or can bring out other testable implications of the theory (Blaug 1992, p. 93) . Slow diminishing returns to capital accumulation were not enough to characterize the "problem of capital accumulation" (Domar 1949a, p. 311) . Domar (1955a, p. 250; [1947a criticized neoclassical theory of the firm for assuming high elasticity of substitution between capital and labor, together with continuously and slowly changing cost curves. These entailed neglect of the relationships of capital and labor to output and of the concept of productive capacity of a plant or of the whole economy. The ideal approach to estimate changes in capacity was the use of a "comprehensive production function" with some degree of substitution between factors and products (Domar ([1952a 1955, p. 252) . Despite previous work by P. Douglas and C. Cobb, an adequate production function of this type "we do not as yet have". Domar ([1952a] 1957, p. 23) regretted that "no attempt had been made … to attach it to a demand function" to obtain the required equilibrium rate of economic growth. He refrained from using the CobbDouglas function because it seemed "too complicated" (ibid) compared to his supply function Iσ. Domar mentioned Tinbergen (1942) , but preferred to "express the idea of growth in the simplest possible manner".
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One important feature of Domar's notion of "productive capacity", and the capital-output ratio associated with it, was its measurability. Domar (1955a, p. 252) referred to information about ratios between inputs and outputs à la Leontief (1941) .
Leontief's input-output system had been met with skepticism because it made no use of "our pet theoretical toys" and employed instead allegedly constant input coefficients not derived from profit maximization (Domar ([1952a .
However, the great virtue of Leontief's model was precisely to get good results without using these concepts and show "their proper places as servants to be called in if and when required" (ibid). Such remarks applied to Domar's own model.
The calculation of σ was a technical, not behavioral, issue. As Domar (1955 , p. 251) observed, Harrod (1939 approached the same question from the opposite end: the backward relation between a given rise in income and the induced amount of investment, instead of the forward one between investment and the resulting increase in capacity. It was not just a matter of the order of events, for, in
Harrod's treatment, "the ratio between capital and output depends on psychological responses of firms to a given rise in income and it is not readily ascertainable in quantitative terms; it may also differ considerably from the magnitude of the capital coefficient in the more usual sense" (Domar, 1955, p. 251, n. 6 ).
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The distinction between Domar's and Harrod's coefficients has been occasionally acknowledged by commentators (Hirschman 1958, p. 30; Asimakopulos 1986, pp. 293-94) . Domar (1953b, p. 3) called attention to differences between
Harrod's and his own approach, based on investment as an "independent variable". In During his period at Cowles, Domar attempted to model investment decisions (Domar 1947d (Domar , 1948b (Domar , 1949a Boianovsky 2016b ). Domar did not reproduce those papers in his Essays, where he stated that economists had been unable to derive a satisfactory investment function. He chose instead to "admit our ignorance" and treat investment as the model's independent variable (Domar [1952a . The ensuing drawback, from Domar's (ibid) standpoint, was the inability to provide a "mutually determined and self-propelling system like a business cycle model, capable of tracing the path which output will actually take". The model was limited to the determination of the required rates of growth of investment and output to prevent excessive capital accumulation and secular stagnation.
Another significant (and related) feature of the "Domar equation" is that it established an equilibrium relationship between three variables, which could be put various ways round (Robertson 1954, p. 184; Kaldor 1961, p. 181-82) . As Domar ([1947a] 1953, p. 97) explained, the original way was the form r = ασ, which 16 Harrod (1959, p. 452 ) stressed instead the formal equivalence between the equations, based on the notion that both capital coefficients assume that new investment is "properly utilized". If Harrod's warranted rate ! ! = s/! ! is really an equilibrium rate, his accelerator coefficient ! ! must be the technical incremental capital-output ratio, not just a behavioral coefficient. The induced investment must correspond to the amount needed to provide the added capacity to increase income (Hamberg 1971, pp. 10-11) .
determined the required equilibrium growth rate for given α and σ. The equation may be also solved for α (in terms of r and σ) and for σ (in terms of r and α), assuming that r should be treated as given, "for instance by technological progress". Hence, α = r/σ is the propensity to save required to bring the economy to its full employment growth path. It may be compared to Harrod's (1960) closure, the capital-output ratio becomes the dependent variable, just as in Solow's (1956 ) and Swan's (1956) formulations. The choice of how to close the model depended on the kind of problem addressed, but empirical evidence also played a role as discussed below.
The comparison between Domar's growth equations and other formulations is complicated by the fact that he lacked Harrod's (1939 Harrod's ( , 1948 ) "natural rate" as the rate of growth of labor supply in efficiency units (Robinson 1952, p. 44) . The concept is implicit in Domar's ([1944] 1957, p. 57) reference to the growth rate determined by population growth and technological progress as a "ceiling". That is probably what Domar ([1947a] 1957) had in mind when he loosely described r as given by "technological progress" in his equations for the equilibrium values of α and σ. As Harrod (1959, p. 456) remarked, the growth rate in Domar's equation r = ασ is really
Harrod's natural rate, since the shortfall of σ in respect with (Domar's) s is caused by insufficient growth of labor supply, which squeezes potential growth to ασ (see also Jones 1975, p. 64; Kregel 1987, p. 601 ).
Domar's versions of his equation are alternative formulations of equilibrium growth, with no discussion of how and whether it is reached. In particular, his Solowlike equation σ = r/α was not accompanied by references to the economic mechanism that may bring the capital-output ratio to such equilibrium value, as that was beyond Domar's scope. "Why has not the price mechanism been mentioned even once?" asked Domar ([1952a] 1957, p. 25) rhetorically. Domar ([1946 [1948a] 1957, p. 114) assumed given relative prices and price level, and was called to task for that by E.H. Stern (1949 Stern ( , pp. 1162 and Hahn (1958, p. 353) . Domar (1949b, p. 1171) agreed that relative price changes perform important functions, but refused to 17 It should be noted that this is an equilibrium condition, whereas Domar's similar
is an accounting identity.
accept that their flexibility would ensure equilibrium. Building models to that effect had long been a "favorite pastime" of economists, but recent discussions by O. Lange, D. Patinkin and others had shown that "flexible prices are a remedy which may either cure or intensify the disease". 18 Hence, that assumption was not seen as particularly restrictive.
Domar after Solow
Solow recruited Domar to MIT in 1958, soon after his 1957 collection came out. In the foreword, Domar (1957, p. 8 ; see also n. 10 on p. 23) remarked that Solow (1956) had shown "how a growth model can be enriched by the use of a not very complex but less rigid production function". That passage has been interpreted as evidence that Domar endorsed Solow's neoclassical model and gave his own approach up. Domar's assumption of constant capital productivity was made mainly for mathematical convenience. As acknowledged in his reaction to Pilvin (1953) , constant input coefficients are a simplification that should be "used with care, particularly over longer periods" (Domar 1953d, p. 561) . Whereas economists in the past tended to exaggerate the degree of flexibility of the economy, "some of our contemporaries may be in danger of disregarding it altogether" (ibid). Domar (p. 562) conceded to Pilvin (1953) that a production function featuring some substitution 19 The same (mistaken) interpretation has been made by the author (Boianovsky & Hoover 2014, p. 206 ). Kregel's (1987, pp. 601-02) reading of Domar ([1952a] 1957, p. 23) -as stating that the introduction of a Cobb-Douglas function would lead directly to pre-Keynesian results -is also unwarranted.
between factors was more general than the production function implied by "existing growth models". Pilvin (1953) commented on Hamberg's (1952) claim that Harrod and Domar had not acknowledged the existence of two distinct equilibrium grow paths, one required for full employment of labor and another for full utilization of capital. Pilvin argued that there always exists a common rate of growth of investment that can produce, via the multiplier, sufficient aggregate demand so as to fully utilize both the total stock of capital and total supply of labor, on the assumption that substitution is possible between them. Like Domar's, his model consisted of two parts: a production function and an "income determining system". Pilvin intended to generalize Domar's model, not to challenge it (see Ackley 1961, chapter 19 , who used similar diagrams to depict both Domar's and Pilvin's models).
Whereas Harrod reacted to the neoclassical growth model by restating his concept of the natural rate of growth in the context of dynamic welfare economics (Boianovsky 2015b ), Domar remained largely silent about it. Around 1961, he drafted a couple of pages indicating his intention (never fulfilled) to write a response to Oshima (1959) , Eisner (1958) and particularly Solow (1956) . In equilibrium, the "demand" sides of Domar's and Solow's models were essentially the same, as Domar imputed the multiplier to Solow and assumed that planned and actual investment are the same. "Where we disagree, apparently, is on the supply side, that is, the capacity side" (Domar 1961c ).
If a Cobb-Douglas function with capital exponent β < 1 is used to describe the "supply" side of Solow's model, than the effect of higher investment on income capacity is lower than in Domar's equation, as Domar (1961c) observed. 20 However, the real point of disagreement came down to the full employment assumption.
Assuming full employment of labor, the net effect on income capacity will be lower to the extent that it entails taking workers off old projects (that is, σ < s in Domar's notation). Assuming unemployment, the effect of higher investment on income capacity will be much higher, claimed Domar (ibid).
His notes suggest that the stability issue should be discussed in terms of the dynamic disequilibrium path, when the rate of growth of output differs from the required equilibrium one. It was not a matter of flexibility of the capital-output and capital-labor ratios as in Solow's model, but of entrepreneurs' reaction to excess capacity if output does not grow at the required rate, which introduced "an element of instability". The view that investment is a function of idle capital "is not contradicted by the use of a Cobb-Douglas production function", Domar (1961c) claimed. The same argument applied to the lower tuning point, determined by "Schumpeterian concepts" such as technological progress. "But this again is independent of one formulation or another. Perhaps I should write a paper along these lines". He never did.
What caught Domar's attention was Solow's (1957) (Domar 1961a, p. 709) . The previous act had featured the "so-called Harrod-Domar models", in which capital, "supported by an invisible chorus of labor, land and technological progress", held the stage. Now, they all appear together on the stage, with the first three "reading from the script while technological progress holds for the rest of the time". Domar did not see Solow (1957) as a test of the validity of the neoclassical vs. the "Harrod-Domar" models, but the empirical findings did affect the way he looked back at those models. Domar's (1955a Domar's ( , 1961b calculations of the capital-output ratio indicated its relative stability over time. As seen above, the capital coefficient tends to approach the ratio between the fraction of output invested and the rate of growth of output. This does not necessarily presuppose any specific causal relationship between these three variables. It is possible that the capital coefficient and the fraction of output invested have yielded a certain rate of growth of output. But it is also possible that other factors besides capital have been mainly responsible for the existing rate of growth of output, and the given capital coefficient has simply resulted from the interaction of the other variables. Thus the relative stability of the capital coefficient is not a sufficient indication of the role of capital formation in economic growth (Domar 1961b, p. 103) .
It was an empirical issue. In view of the findings about the contribution of technological progress to growth, the capital coefficient "will emerge as a relatively passive result of the interaction between the propensity to save and the rate of technological progress" (ibid, p. 117). This corresponded to Domar's third closure σ = r/α. The way "technological progress" was calculated meant that it captured the influence of variables like education, economies of scale, external economies, etc. To emphasize the nature of that concept, Domar (1961a, p. 709) called it the "Residual".
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As Domar (1961a, p. 710, n. 3) observed, Tinbergen (1942) had anticipated Solow (1957) . However, Solow introduced a new method to calculate the Residual involving the distinction between shifts of and moves along the aggregate production function that caught Domar's imagination (Griliches 1996) . Given an aggregate linear homogenous production function and assuming A, a shorthand for any kind of shift in the production function, is (Hicks's) neutral, Solow wrote
Assuming further that factors are paid their marginal productivities, the rate of growth of output ! is given by the rate of technological progress and the rates of growth of labor and capital as in the expression below, a result "very simple and valuable for us" (Domar 1961a, p. 711) :
with ! + ! = 1. The rate of technological progress can therefore be obtained as a
Residual. Assuming a specific production function of the Cobb-Douglas kind
The expressions for ! and ! can then be obtained by taking logarithms and differentiating with respect to time.
Domar next compared Solow's (1957) share in income, which is rather large. "The authors of constant capital coefficient models did assume some technological progress, but they hardly suspected how very specific their assumption could become. The ease with which their secret has been revealed takes my breath away" (Domar (1961a, p. 712 ).
Domar ([1952a] 1957, pp. 26-27; 1955a, p. 256) had argued that the stability of the capital-output ratio indicated that the law of diminishing returns "had been sufficiently offset in the long run by technological progress". This is the sense in which his models assumed "some" technological progress. Domar ([1947a] 1957, pp.
87-88) was reacting against the hitherto treatment of economic growth as a function of "some abstract technical progress which somehow results in increasing productivity per manhour, and which takes place quite independently of capital formation". He had maintained that labor productivity is a function of "technological progress embodied in capital goods" (Domar [1946 . Domar (1961a, p. 712) criticized Solow's (1957) model for assuming that capital does not serve as the instrument for the introduction of technical change into production, but left it at that.
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A more significant criticism of Solow's Residual was its aggregative character. Domar (1961a, pp. 726-29) established that Leontief's (1953) disaggregated index of structural change, when proper sectorial weights (known now as "Domar weights") are used, is formally equivalent to the Residual calculated from a Cobb-Douglas function, with the advantage of pointing to the microeconomic character of the process of technical change. This seemed to confirm Domar's 22 Domar (1961a, p. 712 , n. 1) referred briefly to Solow's (1960) vintage capital growth model, in which technical progress is embodied in new machines. However, Solow's vintage model does not ensure that a change in the saving ratio will permanently affect the age distribution of capital and the rate of growth (Boianovsky & Hoover 2014, pp. 210-11) . ([1952a] 1957, p. 29) expectation that Leontief's dynamic input-output system was the "most interesting and promising piece of research" in economics.
6. "Are we back to Adam Smith?" Domar (1961d) asked that question at a time when growth theory and modeling were taking the economic profession by storm. It did seem like a return to classical political economy's broad emphasis on growth, even though some Smithian themes, such as division of labor and increasing returns, were beyond the modeling strategy and ability of Domar and his contemporaries. Instead, such themes were picked up by development economists, who did not at the time adopt formal modeling (Boianovsky 2015a ).
In any event, by the mid 1960s Domar (1965) was pleased about the effects of growth models on economics. Growth had become "an integral part of economic theory", affecting international trade, public finance, monetary economics and other fields. The "particular achievement" of the growth research agenda, from Domar's optimistic viewpoint, was that "static equilibrium under perfect competition has lost its foremost place". The notion of "moving equilibrium" should be applied to the growth of firms as well, which entailed discarding the idea of long-run static equilibrium of the representative firm with optimal-sized plant and zero investment (see also Domar 1948b, p. 34) . The development of the theory of growth of the firm, he expected, should "make the whole approach [to economic growth] highly respectable" (1953b, p. 6).
23 Domar (1992, p. 124) would claim that his "models" introduced growth into the "main body of economic thinking (with the participation of many others and particularly with the help of Simon Kuznets' empirical work)". Surely, Harrod was one of the "many others" who took part in the process. Domar believed his contribution was mainly methodological, that is, the introduction of the method of growth theory through rates of growth extending into infinite time spans, called "moving equilibrium".
23 He referred to work in progress by his Johns Hopkins colleague Edith Penrose (Domar 1957, p. 13, n. 14; see Penrose 1959) .
At first, Domar saw his approach to growth as a challenge to economic historians, who, in his view, lacked a theory of growth. Simon Kuznets -Domar's colleague at Johns Hopkins in the 1950s and a pioneer in empirical growth economics -was one of Domar's targets. Kuznets (1951, p. 968) argued that business cycle theory meant more than producing models showing the possibility of occurrence of certain economic cycles. Its task was to explain common characteristics of business cycles as observed in economic history. Domar (1955b) commented on Kuznets's research on capital formation. According to , Kuznets showed at an empirical level that the propensity to save, the capital coefficient and the rate of growth are interrelated, but he did not model the different causations. Kuznets's empirics lacked an "explicit model" of growth (Domar 1955b, p. 110) . Similarly, Domar (1967, p. 4) would describe W.W. Rostow's well-known historical treatment as a "classification of the various stages of growth", but "not really a growth theory".
Interestingly enough, Domar's research agenda would gradually move to economic history. Learning how history is made was his "lifelong aim" (Domar 1992, p. 118 ). This did not entail a methodological shift, as economic history should be based on models as much as the rest of economics. His classic article about serfdom and slavery (Domar 1970) illustrated that. The "Domar model of serfdom" (Temin 2014, p. 342) claimed that free land, free labor and an aristocracy could not co-exist in history. Unlike his growth model, factor substitution is prominent in that essay. He regarded testing as a necessary complement to modeling, expressed in the remark that "where I come from, an economic model without empirical testing is equated with a detective story without an end" (Domar 1970, p. 23 ). Domar had used his growth models to interpret economic data, as illustrated by his estimation of the US equilibrium growth rate for the period 1879-1941. Moreover, growth models should be consistent with observed growth trends, or "stylized facts" as they became known in the literature. Surely, data were not independent of theory, as they were created through measurement procedures, as witnessed by Domar's (1961a) development of indexes of technological change.
One of the features of the real world indicated by observed data was its relative economic stability, in the sense of the ability to recover from downturns. Domar referred to "stabilizers", but never incorporated them into the model, which did not trace the actual path of output. The fact that part of the action took place outside the model caught Solow's critical attention. In correspondence with the author, Solow (2015) Domar's (or Harrod's) . In a lecture delivered at the University of the Philippines, Domar (1974) referred to his growth equations as "simple models not popular anymore", which had been "replaced by … mathematical exercises about abstract stability and equilibrium conditions". Growth modeling had assumed a meaning different from Domar's original research program.
